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Abstract	  
•  The	  solu0on	  of	  the	  electromagne0c	  wave	  equa0on	  in	  toroidal	  plasmas	  in	  0me-‐space	  domain	  

is	   par0cularly	   difficult	   also	   when	   the	   cold	   plasma	   approxima0on	   is	   invoked,	   this	   is	   due	  
essen0ally	  to	  the	  fact	  that	  the	  equa0on	  cannot	  be	  recast	  to	  the	  Helmholtz	  equa0on	  owing	  to	  
the	  presence	  of	  the	  “curl	  curl”	  differen0al	  operator.	  Another	  difficulty	   is	  related	  to	  the	  fact	  
that	   the	   toroidal	   geometry	   introduces	   unpleasant	   metric	   coefficients.	   Solu0ons	   based	   on	  
asympto0c	  techniques	  (WKB)	  have	  proved	  useful	  and	  effec0ve	  [1].	  In	  this	  work	  we	  focus	  on	  
the	  possibility	  of	  a	  complete	  solu0on	  of	  the	  equa0on	  in	  an	  infinite	  half-‐plane	  for	  a	  harmonic	  
perturba0on	  using	  the	  Fourier	  and	  Laplace	  transform	  for	  the	  fields.	  The	  Laplace	  transform	  on	  
space	   applies	   on	   the	   radial	   dimension,	   and	   allows	   us	   to	   set	   the	   appropriate	   boundary	  
condi0ons	   of	   the	   field	   at	   the	   edge.	   In	   order	   to	   solve	   the	   wave	   vector	   equa0on,	   a	   new	  
dispersion	  rela0on	  is	  derived	  and	  studied	  in	  detail.	  In	  some	  relevant	  cases	  (e.g.	  Lower	  Hybrid	  
Waves)	  the	  longitudinal	  component	  of	  the	  field	  can	  even	  become	  the	  largest	  one,	  this	  means	  
that	  the	  wave	  electric	  field	  can	  be	  considered	   irrota0onal	  and	  the	  wave	  equa0on	  becomes	  
the	   more	   manageable	   Poisson’s	   equa0on.	   This	   analysis	   is	   par0cularly	   useful	   in	   order	   to	  
predict,	   for	  example,	   the	  behavior	  of	  a	  broadband	  terahertz	   (THz)	  pulse	   in	  a	  quasi-‐uniform	  
and	  dispersive	  plasma,	  or	  studying	  the	  Current	  Drive	  of	  the	  LHW	  with	  a	  possible	  applica0on	  
to	  reactor	  plasma	  like	  ITER	  and	  DEMO.	  	  

•  [1]	   S.	   Yu.	   Dobrokhotov,	   A.	   Cardinali,	   A.	   I.	   Klevin,	   and	   B.	   Tirozzi,	   Doklady	  Mathema0cs,	   94	  
(2016),	  ISSN	  1064-‐5624.	  

2	  



Wave	  equa0on	  for	  cold	  plasmas	  
(fluid	  approach)	  

Integro-‐Differen)al	  equa)on	  system	  
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Lineariza0on	  of	  the	  equa0ons	  
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Merging	  and	  Integro-‐Differen0al	  Wave	  Equa0on	  	  

 

c2∇∧∇∧
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Diagonaliza0on	  of	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  and	  solu0on	  of	  Eqs	  for	  the	  velocity	  	  Ωα

qk = e
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t

∫ gk s( )ds + ckeλkt ⇒ k = 1,2,3
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Boundary-‐ini0al	  condi0ons	  

 


E r ,t = 0( ) = Ψ r( )

E r0,t( )

∂Σ
=

ϒ t( )

Can	  be	  taken	  as	  Gaussian	  beam	   Ψ
r( )
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E r0,t( )

∂Σ
= ϒ t( ) = e− iωt

Incoming	  wave	   Harmonic	  filed	  steady	  state	  



Wave	  equa0on	  in	  space:	  Vector	  Helmholtz	  equa0on	  
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ε = I − i
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Cartesian	  Geometry	  	  
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We	  consider	  now	  that	  all	  the	  coefficients	  are	  constant	  and	  the	  Dirichlet	  boundary	  condi0ons	  
on	  the	  surface	  S	  (infinite	  half-‐plane	  x=0)	  
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Cartesian	  Geometry	  	  
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we	  can	  apply	  the	  Fourier	  Transform	  of	  the	  field	  in	  the	  y-‐z	  direc0on	  
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Laplace	  Transform	  Solu5on	  I	  
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Laplace	  Transform	  Solu5on	  II	  
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Gaussian	  wave-‐packet	  at	  the	  boundary	  x=0	  
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Fourier	  transform	  of	  the	  field	  obtained	  above	  

13	  

 

Ez x, z( ) = 1
2π

dkz
−∞

+∞

∫

E x,kz( )eikzz =

=
E0 0( )
2π

e
− z2

2Δz2 e
− y2

2Δy2 dkz
−∞

+∞

∫
qS
2 + B( ) eqSx + e−qSx( )− qF

2 + B( ) eqFx + e−qFx( )⎡⎣ ⎤⎦
2 qS − qF( ) qS + qF( ) +

−
E0 0( )
2πΔx2

e
− z2

2Δz2 e
− y2

2Δy2 dkz
−∞

+∞

∫
eqSx + e−qSx( )− eqFx + e−qFx( )⎡⎣ ⎤⎦
2 qS − qF( ) qS + qF( ) +

+
E0 0( )
2πΔx4

e
− z2

2Δz2 e
− y2

2Δy2 dkz
−∞

+∞

∫
1

2 qS − qF( ) qS + qF( )
eqSx − e−qSx( )

qS
−
eqFx + e−qFx( )

qF

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥



Poles,	  cut-‐offs	  and	  confluences	  
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Poles	  of	  the	  argument	  of	  the	  Laplace	  transform	  as	  
func0on	  of	  frequency	  and	  wavelengths	  
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Poles	  of	  the	  argument	  of	  the	  Laplace	  transform	  as	  
func0on	  of	  frequency	  and	  wavelengths	  
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Poles	  surface	  in	  frequency	  and	  wavelength	  
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Complete	  calcula5on	  ky≠0	  
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Complete	  calcula5on	  ky≠0	  
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The	  determinant	  =	  to	  zero	  determines	  the	  poles	  of	  the	  Laplace-‐transformed	  field	  
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⎝⎜

⎞
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High	  frequency	  limit	  

•  In	  the	  case	  

•  We	  have	  
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Helmholtz	  decomposi5on	  

 

E r ,t( ) =


Et
r ,t( ) +


El
r ,t( )

curl-‐free	  component	  of	  a	  vector	  field	  as	  the	  longitudinal	  component	  
divergence-‐free	  component	  as	  the	  transverse	  component	  

 

−c2∇2 Et +
∂2

Et

∂t 2
= − ω pα

2 r( )
α=e,i
∑
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∂2

∂t 2
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∑⎛

⎝⎜
⎞
⎠⎟

El = 0
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Wave	  Equa0on	  in	  Cartesian	  Geometry	  	  

22	  

 

− ∇2 E( )x ≡ − ∂2Ex
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Conclusions	  
•  Alempt	  to	  deduce	  a	  wave	  equa0on	  in	  space-‐0me	  
from	  the	  fluid	  theory	  
–  Integro-‐Differen0al	  equa0on	  
–  Boundary-‐Ini0al	  value	  problem	  

•  Harmonic	  field	  
–  Intermediate	  frequency	  	  	  	  	  	  	  	  	  	  	  	  	  vector	  Helmholtz	  equa0on	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  

–  Solu0on	  in	  an	  unbounded	  half	  plane	  using	  Laplace-‐
Fourier	  Transform	  

–  Solu0on	  in	  the	  homogeneous	  case	  
–  Comparison	  with	  the	  asympto0c	  solu0on	  obtained	  in	  
weak	  inhomogeneous	  case	  
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Conclusions	  

•  High	  Frequency	  limit	  
–  isotropy	  
– Helmholtz	  decomposi0on	  
–  to	  deal	  with	  vector	  Laplacian	  operator	  
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